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In this paper, we have studied a 5-dimensional warped product space-time with a time-dependent
warp factor. This warp factor plays an important role in localizing matter to the 4-dimensional hy-
persurface constituting the observed universe and leads to a geometric interpretation of dynamical
dark energy. The five-dimensional field equations are constructed and its solutions are obtained.
The nature of modifications produced by this warp factor in the bulk geometry is discussed. The
hypersurface is described by a flat FRW-type metric in the ordinary spatial dimension. It is found
that the effective cosmological constant of the four-dimensional universe is a variable quantity mon-
itored by the time-dependent warp factor. The universe is initially decelerated, but subsequently
makes a transition to an accelerated phase at later times.
I. INTRODUCTION
Extra dimensional theories have aroused the interest of physicists ever since the works of Kaluza and Klein [1].
These theories continue to attract wide attention owing to their success in solving some outstanding problems of
physics [2–5]. Several works are available on the theories of non-compact extra dimensions [6, 7]. All these finally
led to the ’braneworld scenario’, where the ordinary standard model matter and non-gravitational fields are confined
to the 4-dimensional universe, embedded in a (4 + n)-dimensional ’bulk’ (n being the number of extra dimensions).
At low energies, gravity is confined to the hypersurface along with particles, but at high energies gravity ”leaks” into
the higher-dimensional bulk. The change incorporated in the short distance behavior of gravity at distances much
larger than the Planck length [3–5, 8, 9], by lowering the fundamental scale of gravity through the introduction of
large extra dimensions, led to extensive studies in the cosmological scenarios for the early universe [10–14].
Among the several higher-dimensional models developed over the years, the warped braneworld model of Randall
and Sundrum [15, 16], with a single extra dimension, has become much popular. In their model, matter fields
were localized on a 4-dimensional hypersurface in a constant curvature five-dimensional bulk furnished with mirror
symmetry, with an exponential warp factor and a non-factorizable metric, even when the fifth dimension was infinite.
The field equations on the corresponding 4-dimensional universe were modified by the effect of the extra dimension.
Generalizations of the RS-scheme were investigated in a number of papers (see for example [17–19]). In the RS
scenario, the warp factor was a function of the extra-dimensional coordinate and the metric coefficient for the extra-
dimensional coordinate was constant. However, both of these parameters can be functions of both time and the
extra-dimensional coordinate, with the solutions becoming much more complicated. Nevertheless, the study of five-
dimensional warped product space-times and their solutions are very important for understanding the evolution of
our universe.
Although a vast amount of literature is available on the studies of bulk spacetimes with the extra-dimensional scale
factor either as a constant or a function of time or the extra-dimensional coordinate or both (see for example [20–22]),
the effect of a time-dependent warp factor has not been studied [23–28]. In some cases (as in [29]), the role of bulk
matter fields have been ignored. We know that in the RS models, the exponential warp factor reflects the confining
role of the negative bulk cosmological constant [30] to localize gravity at the 4-dimensional hypersurface through the
curvature of the bulk. However, the process of localization of gravity may also include some time-dependence during
a particular stage of evolution. This time-dependent process of localization may be related to a time-dependent warp
factor, which in turn may be related to a time-varying bulk cosmological constant. Our objective, in this paper is
to study the effect of the time-dependent warp factor in the context of classical general relativity and to determine
the nature of modifications produced by this warp factor in the bulk geometry as well as its consequences on the
four-dimensional universe. It is found that the effective cosmological constant of the four-dimensional universe is a
variable quantity monitored by the time-dependent warp factor. This leads to a geometric interpretation of dynamical
dark energy. To develop the necessary theory, we have considered the RS model with the extra dimensional scale
factor independent of time and a non-empty bulk, thereby ensuring the recovery of standard FRW cosmology [25] in
the effective 4D theory at energies below the weak scale. The hypersurface is chosen to be a flat FRW-type metric in
the ordinary spatial dimension.
2The plan of the paper is as follows: In section II, the basic theoretical framework has been discussed. This has
been followed by the construction of the field equations and analysis of the energy conditions in the bulk, in the next
section. In section IV, the solutions to the field equations have been determined for specific cases, namely when the
Weyl tensor of the bulk space-time vanishes and when the pressure in the bulk is isotropic. The effect of the warp
factor on the bulk geometry as well as on the energy conditions in the bulk has been analyzed. In section V, the
cosmology of the effective four-dimensional part has been analyzed. The effect of the time-dependent warp factor in
modifying the usual dynamics of the gravitational field compared to that predicted from Einstein’s theory, has been
discussed. The vacuum energy of the corresponding hypersurface is found to be a time-varying entity monitored by
the warp factor. The status of the energy conditions and the nature of the expansion of the 4-dimensional universe
has been studied. For a specific solution corresponding to an isotropic bulk, the universe is initially decelerated, but
subsequently makes a transition to an accelerated phase at later times. The summary of the entire exercise has been
presented in Section VI.
II. THEORETICAL CONSIDERATIONS
Let us consider a 5-dimensional theory with the action decomposed as [22]
S = − 1
2κ2(5)
∫
d5x
√
g¯[R¯+ 2Λ(5)] +
∫
d4x
√−g¯Lm (1)
where, g¯AB is a 5-dimensional metric of signature (+ - - - -). Here Λ(5) is the bulk cosmological constant and R¯ is the
5-dimensional scalar curvature for the metric. The constant κ(5) is related to the 5-dimensional Newton’s constant
G(5) and the 5-dimensional reduced Planck mass M(5) by the relation
κ2(5) = 8piG(5) =M
−3
(5) . (2)
The 5-dimensional field equations for such a bulk are read as [20, 21, 30]
G¯AB = −Λ(5)g¯AB + κ2(5)T¯AB (3)
where G¯AB is the 5-dimensional Einstein tensor and T¯AB represents the 5-dimensional energy-momentum tensor.
A general five-dimensional warped metric with flat spatial section and time-dependent warp factor can be written
in the form
dS2 = e2f(t,y)
(
dt2 −R2(t)(dr2 + r2dθ2 + r2sin2θdφ2))− h(y)dy2. (4)
where y is the coordinate of the extra dimension, t denotes the conformal time, R(t) is the usual scale factor of the
FRW metric and h(y) is the scale factor of the extra dimension. We have considered a warped product space-time
where the 4-dimensional hypersurface is a smooth four-manifold. Since the scale factor of the extra dimension depends
only on the extra dimensional coordinate, it can always be rescaled to render the corresponding metric coefficient
equal to unity. We assume that the fifth dimension is non-compact and curved (i.e. warped) [16, 30] and the warp
factor is a function of both time, as well as of the extra dimensional coordinate [31]. Mathematically, the time
dependence of the warp factor does not affect the smooth nature of the function f . Physically, it takes into account
the possibility of a time-dependent process of localization of gravity. The effect of this time-dependence is pronounced
during a particular phase of evolution. Thus the exponential warp factor e2f(t,y) reflects such a process of localization
of gravity and may be related to the confining role of the time-varying bulk cosmological constant at such stages.
For the spacetime under consideration, the effective 4-dimensional metric has a scale factor A which evolves as a
composite function of conformal time, given by A2(η(t)) = e2f(t,y=y0)R2(t), the observed universe being represented
by the hypersurface y = y0. Here, η(t) ≡
∫
dtef(t,y=y0) is the proper time of a co-moving observer, when the position of
the hypersurface is fixed at y = y0. The geometry of the observed universe at the location, y = y0, will be determined
by the metric
ds2 = gαβ(x, y = y0)dx
αdxβ = e2f0qαβ(x)dx
αdxβ , (5)
where f0 is the value of f at y = y0 and qαβ = qαβ(x) is the warp metric on the 4-dimensional hypersurface.
As the hypersurface encounters ”bending effect”, the location of the hypersurface has some y-dependence. Geomet-
rically, the extrinsic curvature of the hypersurface gives us a measure of the deviation of the hypersurface from the
3tangent plane and therefore such a bending may produce an observable result in the form of a smooth scalar function
represented by the warp factor [32]. Since this warp factor also depends on time, the deviation of the hypersurface
from the tangent plane will change with time. The extrinsic curvature of the 4-dimensional hypersurface is defined
by the relation
Kαβ = −1
2
£ngαβ(x
µ, y), (6)
where, xµ are the coordinates on the hypersurface and
Kαβ;γ −Kαγ;β = 0. (7)
For the metric of Eq. (4) [33–35], we have Kαβ = − 12√h
(
∂gαβ(x,y=y0)
∂y
)
. This condition guarantees the embedding
of the four-dimensional manifold, so that, the extrinsic curvature Kαβ also behaves as a physical field, as we shall
see subsequently. This implies that the four-dimensional dynamical equations for the metric becomes affected by the
presence of the extrinsic curvature.
In the present paper, we intend to study the effect of the time-dependent warp factor on the extrinsic curvature
of the hypersurface and interpret the consequences from the physical point of view. In Section V, we find that the
extrinsic curvature of the hypersurface is related to the vacuum energy-momentum tensor. The effective cosmological
constant of the hypersurface depends on the curvature of the bulk metric, which is associated with the time-dependent
process of bending of the hypersurface, due to the time-dependent nature of the extrinsic curvature. Thus the presence
of the time-dependent warp factor effectively modifies the usual dynamics of the gravitational field compared to that
predicted from Einstein’s theory. If this modification takes place at today’s Hubble scale, H0, then it is expected
that this will alter the gravitational force law at distance scales much smaller than H−10 [36], leading to an expansion
history that can be identically reproduced by a dynamical dark energy model. It is evident that the gravitational
force law is sensitive to the background cosmological expansion, since this expansion is intimately connected with the
extrinsic curvature of the hypersurface [37] and this curvature controls the effective Newton’s constant.
It is known that if the flat 3-brane of the original RS setup is replaced by a dynamical brane, then the zero-mode
graviton fluctuation is not necessarily localized on the brane, if the 5D bulk spacetime is anti de Sitter [38]. That is,
for an embedding of a dS4 brane into a AdS5 bulk, the massless graviton wave function is non-normalizable (even if it
is a bound state solution) once the Z2 symmetry is relaxed, so that the 4D Newton’s constant is not finite. However,
brane-world models with a positively curved dS5 bulk generate a 4-dimensional cosmological constant in the gravity
sector of the effective 4D theory with a finite 4D Newton’s constant and satisfactorily explain the localization of the
zero-mode graviton in 4 dimensions.
For the model under our consideration, the 4-dimensional effective action obtained under a dimensional reduction
from 5D to 4D, is given by [10, 38, 39]
Seff = −
M3(5)
2
∫
M
√−g4 [R4 + correctionterms) = −
M3(5)
2
∫
M
τ(t)Γ(y)
√
h (R4 + ....) . (8)
whereM denotes the four-manifold. Thus, owing to the time-dependent nature of the warp factor, the 4D Newton’s
constant will be time-dependent. We have already pointed out that the process of localization of gravity becomes
time-dependent. However, for the model to be physically realistic, the evolution of the universe should be such that
it ultimately leads to the current state of the universe. Thus the time-dependent process of localization of gravity is
expected to dominate only during the early phase of evolution of the universe.
To illustrate our study we choose to work with a specific example for the warp factor. For simplicity of calculations,
we choose the scalar function f(t, y) to be given by the simple form
f(t, y) =
1
2
(ln τ(t) + ln Γ(y)). (9)
With this choice, the five-dimensional metric assumes the form
dS2 = τ(t)Γ(y)
(
dt2 −R2(t)(dr2 + r2dθ2 + r2sin2θdφ2))− h(y)dy2. (10)
This is a very specific choice of the bulk metric, for which the energy-momentum tensor has only the Tyy component
other than the components on the hypersurface. The components of the bulk stress-energy tensor are given by
T¯ tt = ρ¯, T¯
i
j = −P¯ , T¯ yy = −P¯y.
where ρ¯, P¯ and P¯y are the energy density and pressure in the bulk.
4III. FIVE-DIMENSIONAL FIELD EQUATIONS
To simplify the subsequent calculations, let us consider that the extra-dimensional coordinate has been rescaled
to yield h(y) → 1. The non-vanishing components of the five-dimensional Einstein tensor for the warped product
spacetime given by Eq. (10) (with this re-scaling), are obtained as
G¯tt =
3g¯tt
4τΓ
(
4R˙τ˙
Rτ
+
4R˙2
R2
+
τ˙2
τ2
)
− 6g¯tt
4
Γ′′
Γ
, (11)
G¯yy =
3g¯yy
4τΓ
(
2τ¨
τ
− τ˙
2
τ2
+
6R˙τ˙
Rτ
+
4R˙2
R2
+
4R¨
R
)
− 6g¯yy
4
(
Γ′
Γ
)2
, (12)
G¯ij =
g¯ij
4τΓ
(
4τ¨
τ
− 3τ˙
2
τ2
+
8R˙τ˙
Rτ
+
4R˙2
R2
+
8R¨
R
)
− 6g¯ij
4
Γ′′
Γ
. (13)
Above, an overdot represents derivative with respect to time t and a prime stands for a derivative with respect to
the fifth coordinate y. The five-dimensional field equations are obtained as
3
4τΓ
(
τ˙2
τ2
+
4R˙τ˙
Rτ
+
4R˙2
R2
)
− 6
4
Γ′′
Γ
= −Λ(5) + 8piG(5)ρ¯, (14)
1
4τΓ
(
4τ¨
τ
− 3τ˙
2
τ2
+
8R˙τ˙
Rτ
+
4R˙2
R2
+
8R¨
R
)
− 6
4
Γ′′
Γ
= −Λ(5) − 8piG(5)P¯ , (15)
and
3
4τΓ
(
2τ¨
τ
− τ˙
2
τ2
+
6R˙τ˙
Rτ
+
4R˙2
R2
+
4R¨
R
)
− 6
4
(
Γ′
Γ
)2
= −Λ(5) − 8piG(5)P¯y. (16)
In the calculations that now follow, we shall assume 8piG(5) = 1. From (14) and (15), we find that
ρ¯+ 3P¯ =
3
4τΓ
(
4τ˙2
τ2
− 4τ¨
τ
− 4R˙τ˙
Rτ
− 8R¨
R
)
+
12
4
(
Γ′′
Γ
)
− 2Λ(5) (17)
and from (14)-(16) we get
ρ¯+ 3P¯ + P¯y =
3
4τΓ
(
5τ˙2
τ2
− 6τ¨
τ
− 10R˙τ˙
Rτ
− 4R˙
2
R2
− 12R¨
R
)
+
6
4
(
2Γ′′
Γ
+
(
Γ′
Γ
)2)
− 3Λ(5). (18)
From the above it is evident that the validity of the strong energy condition in the bulk will be governed by the
nature of warping, as well as by the effect of the extra dimension.
IV. SOLUTIONS
A. Case 1: The case of vanishing Weyl tensor
We find that the non-zero components of the Weyl tensor for this spacetime are of the form
5CABAB = constant×
(
g¯AAg¯BBF (t)
τΓ
)
, (19)
with
F (t) =
(
2τ¨
τ
− 3τ˙
2
τ2
− 2R˙τ˙
Rτ
− 4R˙
2
R2
+
4R¨
R
)
. (20)
where, only the constant factor varies for the different components. Thus, if we have F (t) = 0, the Weyl tensor
for this space-time metric will vanish. Since we have only the equation (20) to determine both τ(t) and R(t), we
have to impose additional constraints to satisfy this requirement. We presume that the effect of the time-dependent
warp factor was pronounced during the early phase of evolution of the four-dimensional universe, namely the radiative
phase, so that R(t) = t1/2. Further, τ(t) must be a decreasing function of time, whose exact nature can be determined
with the help of (20). Let us consider a trial solution of the power-law type given by τ(t) = tn. Substituting this in
Eq. (20) we obtain the relation
n2 + 3n+ 2 = 0, (21)
which yields n = −1,−2. We shall analyze the cosmological implication of such a solution in a subsequent section.
However, the function Γ cannot be found from this condition.
B. Case 2: The case of a bulk with isotropic pressure
Let us now consider a bulk with isotropic pressure, i. e. P¯ = P¯y. Using Eqs. (15) and (16), we get the following
condition satisfied by this bulk:
1
2τ
(
τ¨
τ
+
5R˙τ˙
Rτ
+
4R˙2
R2
+
2R¨
R
)
+
6Γ
4
(
Γ′′
Γ
−
(
Γ′
Γ
)2)
= 0. (22)
Since τ is a function of time, whereas Γ is a function of the extra dimensional coordinate, the Eq. (22) will be satisfied
if the coefficient of 1/τ and Γ vanish separately. The coefficient of Γ will vanish when
(
Γ′′
Γ −
(
Γ′
Γ
)2)
= 0. This leads
us to the result
1
Γ
dΓ
dy
= constant, (23)
which implies that
Γ(y) = C1e
±y, (24)
in conformity with known results. From Eq. (22), equating the coefficient of 1/τ to zero, we get
(
τ¨
τ
+
5R˙τ˙
Rτ
+
4R˙2
R2
+
2R¨
R
)
= 0. (25)
Once again, considering a trial solution of the power-law type given by τ(t) = tm and with R(t) = t1/2, we obtain the
relation
2m2 + 3m+ 1 = 0, (26)
which has the solution m = −1/2,−1.
6Equations (24) and (26) give us particular solutions for the warp factor for this isotropic bulk. It appears that the
solution τ(t) = t−1 will satisfy a bulk with isotropic pressure and vanishing Weyl tensor. However, it does not appear
to be of much interest from the cosmological point of view, as we shall see later on.
Now, combining Eqs. (14) and (15), we get
ρ¯+ P¯ =
1
4τΓ
(
−4τ¨
τ
+
6τ˙2
τ2
+
4R˙τ˙
Rτ
+
8R˙2
R2
− 8R¨
R
)
. (27)
Considering the case of τ(t) = t−1/2 and R = t1/2, we find that
ρ¯+ P¯ =
3
8Γt3/2
. (28)
From (28), it is evident that the above sum will decrease as time increases, for a given value of y.
V. ANALYSIS OF FOUR-DIMENSIONAL COSMOLOGY
The effective four-dimensional metric is given by
ds2 = τ(t)Γ(y)
(
dt2 −R2(t)(dr2 + r2dθ2 + r2sin2θdφ2)) = τ(t)Γ(y)hαβ(x)dxαdxβ . (29)
We find that the Weyl tensor for this metric is identically zero. The components of the extrinsic curvature for the
hypersurface defined by Eq. (29) are obtained as
Ktt = − 12τΓ′,
Krr =
1
2τΓ
′R2(t),
Kθθ =
1
2τΓ
′R2(t)r2
and
Kφφ =
1
2τΓ
′R2(t)r2 sin2 θ.
It is evident that the extrinsic curvature of this hypersurface is governed by the time-dependent warp factor. In
compact form, we can write
Kµν = −1
2
Γ′
Γ
gµν . (30)
Since gµν is diagonal, Kµν also turns out to be diagonal. The time-dependent part of the warp factor is contained
within gµν . The equations of motion for this hypersurface embedded in a five-dimensional bulk, is derived directly
from the Gauss and Codazzi equations for the conditions of integrability of the embedding geometry [40]. The result
is basically the Einstein field equations, modified by the presence of the extra term Qµν , which was obtained in [41, 42]
after incorporating the junction conditions. The resulting field equations are quoted below:
Rµν − 1
2
Rgµν + λgµν = 8piGTµν +Qµν . (31)
We shall use this result for our subsequent analysis. The components of the 4-dimensional energy-momentum tensor
are given by
T tt = ρ, and T
i
j = −p.
For Eq. (31) to be valid, we must have
Qµν;ν = 0. (32)
7Together with the conservation of Tµν , this term Qµν turns out to be energetically uncoupled from the other compo-
nents of the universe, whatever be its influence on the evolution of the hypersurface. The explicit form of this term
is
Qµν = g
ρσKµρKνσ − ξKµν − 1
2
(K2 − ξ2)gµν = KσµKνσ − ξKµν −
1
2
(K2 − ξ2)gµν , (33)
where ξ = gµνKµν denotes the mean curvature and K
2 = KµνKµν is the Gaussian curvature of the hypersurface.
This term Qµν does not exist in the Einsteins equations in pure Riemannian geometry [42]. A quick look at (33)
reveals that it is indeed derived from the junction conditions. It is the contribution of the extrinsic curvature of the
hypersurface, and is purely geometrical in origin. Since Qµν also depends on gµν , it is also affected by the time-
dependent warp factor. Moreover, Qµν does not necessarily vanish, even when the bulk space-time is flat. Therefore,
it effectively modifies the usual dynamics of the gravitational field compared to that predicted from Einstein’s theory.
The interaction between the bulk and the hypersurface occurs when a graviton crosses the hypersurface. It is subjected
to a deviation, which is expressed in terms of the extrinsic curvature Kij of the embedded geometry, representing
the tangential components of the local variation of the normal unit vector. Since the effective cosmological constant
depends on the curvature of the bulk metric, [41, 42], hence the dynamics of the space-time also responds to the
vacuum energy. Thus, for the hypersurface under consideration, with the time-dependent nature of the extrinsic
curvature, the vacuum energy is a time-dependent entity associated with the time-dependent process of bending of
the hypersurface. Physically, this can be interpreted as the manifestation of a dynamical dark energy component.
In the remaining analysis, we assume that the sources on the hypersurface is in the form of a perfect fluid satisfying
a linear equation of state. A straightforward calculation yields the result
Qµν =
3
4
(
Γ′
Γ
)2
gµν , (34)
which shows the dependence of Qµν on the warp factor through gµν . The two non-trivial field equations are obtained
as
3
4τΓ
(
τ˙2
τ2
+
4R˙τ˙
Rτ
+
4R˙2
R2
)
+ λ = −8piGρ+ 3
4
(
Γ′
Γ
)2
(35)
and
1
4τΓ
(
4τ¨
τ
− 3τ˙
2
τ2
+
8R˙τ˙
Rτ
+
4R˙2
R2
+
8R¨
R
)
+ λ = 8piGp+
3
4
(
Γ′
Γ
)2
. (36)
The parameters ρ and p in the Eqs. (35) and (36) are the total energy density and the total pressure of ordinary
matter. The effective energy density ρeff of the matter on the hypersurface as obtained from Eq. (35) is given by
ρeff = ρ+ λ− 3
4
(
Γ′
Γ
)2
= ρ+ λeff , (37)
where, we have assumed that
8piG = 1 and λeff = λ− 34
(
Γ′
Γ
)2
.
Hence
3
4τΓ
(
τ˙2
τ2
+
4R˙τ˙
Rτ
+
4R˙2
R2
)
= −ρeff . (38)
From Eq. (36), we get the effective pressure of this matter as
peff = p− λ+ 3
4
(
Γ′
Γ
)2
= p− λeff , (39)
8so that
1
4τΓ
(
4τ¨
τ
− 3τ˙
2
τ2
+
8R˙τ˙
Rτ
+
4R˙2
R2
+
8R¨
R
)
= peff . (40)
Combining Eqs. (37) and (39), we obtain
ρeff + peff = ρ+ p (41)
and
ρeff + 3peff = ρ+ 3p− 2λeff . (42)
From Eq. (41), it is evident that if ordinary matter obeys the weak energy condition (WEC), i.e.
ρ+ p ≥ 0,
then the matter in the four-dimensional part will also do the same, since in that case,
ρeff + peff ≥ 0.
Hence, both may represent a quintessence field. Further, to have ρeff > 0, we must have
ρ+ λeff > 0, (43)
thereby setting a restriction on the value of λeff . For physically possible matter fields, ρ > 0, but unless ρ > |λeff |,
we cannot have ρeff > 0. Moreover, even when ρeff > 0, we may have peff < 0. In that case, assuming that the
ordinary matter is represented by an equation of state of the form p = wρ, we obtain from (39),
wρ − λeff < 0. (44)
From Eqs. (43) and (44), we obtain the following restriction on the value of ρ:
|λeff | < ρ < |λeff
w
|, (45)
for which the effective matter on the hypersurface will experience negative pressure. Therefore, we conclude that,
unless we have the ordinary matter as a phantom field, we cannot have the effective matter in the four-dimensional
part to behave as a phantom field, i.e. the behavior of the effective matter on the hypersurface follows the behavior
of the ordinary matter in the higher dimensional scenario in this case. The effective matter will be described by a
negative pressure quintessence field provided ρ satisfies the condition in Eq. (45).
For the case of dust, we obtain
λeff =
1
4τΓ
(
3τ˙2
τ2
− 4τ¨
τ
− 8R˙τ˙
Rτ
− 4R˙
2
R2
− 8R¨
R
)
, (46)
which shows that the effective cosmological constant on the hypersurface is a variable quantity, monitored by the
warp factor and can be interpreted as a dynamical dark energy component.
Thus the usual four-dimensional Friedmann equation, relating the expansion rate H of our universe with the energy
density of the universe, will get modified by the presence of the extra geometric term arising from the effect of warping.
In spite of that, we find that the evolution closely follows the standard predictions. From the expression of the scale
factor of this four-dimensional universe, we obtain the Hubble parameter for the effective metric as
H =
(
R˙
R
+
τ˙
2τ
)
. (47)
Thus we have
ρ =
3H2
τΓ
+
3
4
(
Γ′
Γ
)2
− λ. (48)
9The last equation is very significant in the sense that when the warp factor is reduced to a constant, it resembles the
usual results of standard cosmology. From Eq. (48) we get
ρ
3H2
+
λ
3H2
− 3
12H2
(
Γ′
Γ
)2
=
1
τΓ
, (49)
which is indeed the equation involving the density parameters of the various components in the four-dimensional
universe. It is evident that the standard equation gets modified by the effect of the warp factor.
The explicit form of the deceleration parameter is now
q = −1− H˙
H2
= −1− 2RR¨τ
2 +R2τ τ¨ − 2R˙2τ2 −R2τ˙2
(2R˙τ +Rτ˙ )2
. (50)
From the above analysis, we can draw the following conclusions:
• Status of energy conditions: From Eq. (42) it is evident that although ordinary matter in the higher-
dimensional scenario may obey the strong energy condition (SEC), the matter in the effective four-dimensional
part may not do so, unless appropriate conditions are satisfied by λeff . Hence for some value of λ and Γ,
the effective matter may violate the SEC and behave as dark energy, although ordinary matter in the higher
dimensional scenario may not behave as such. Such a thing will happen if ρ+ 3p ≥ 0, but ρ+ 3p < 2λeff i.e.,
ρ+3p < 2
[
λ+ 34
(
Γ′
Γ
)2]
, so that ρeff +3peff < 0. Since λ is a variable quantity, monitored by the warp factor,
the status of the energy conditions also depend on the effect of the warp factor. It must be noted here, that
this strange behavior of the effective matter is basically a consequence of the embedding scheme.
• Deceleration parameter:We know that for the Friedmann models, the two field equations together produce
the result
R¨
R =
λ
3 − 16 (ρ+ 3p).
The deceleration parameter is given by
q = − R¨RH2 .
Therefore,
q = 16H2 (ρ+ 3p)− λ3H2 .
This means that, even if ρ+ 3p > 0, q may not be positive because that will also depend on the contribution of
the cosmological term, and accordingly there may be either acceleration or deceleration. However, if ρ+3p < 0,
then q < 0 and the universe will exhibit acceleration. Moreover, the effective matter will undergo acceleration
even when the ordinary matter in the higher-dimensional scenario may not do so.
Specific cases: Let us now examine the two solutions in the case of isotropic bulk, viz.
1. τ(t) = t−1 and R(t) = t1/2
2. τ(t) = t−1/2 and R(t) = t1/2
Case 1: In this case, the universe is found to have a constant value for the scale factor A and zero value for the
Hubble parameter H and is therefore ruled out from physical consideration.
Case 2: Here, the hubble parameter decreases with time, being inversely proportional to t. The deceleration
parameter is found to be q = −1 + 1/3t. It is positive at very small values of time but changes sign at some epoch
of time, and finally settles to a value of -1 after sufficiently large time. Thus the universe is initially decelerated, but
subsequently makes a transition to an accelerated phase at later times. The effective energy density and effective
pressure are given by
ρeff =
3
16Γt3/2
(51)
and
peff = − 3
16Γt3/2
, (52)
indicating that the effective matter violates the strong energy condition, although it still satisfies the weak energy
condition. The universe will be dominated by vacuum energy after sufficiently long time.
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VI. SUMMARY AND CONCLUSIONS
This paper deals with a five-dimensional warped product space-time having time-dependent warp factor and a
non-compact fifth dimension. We know that for the RS models, the warp factor reflects the confining role of the
bulk cosmological constant to localize gravity at the hypersurface through the curvature of the bulk. This process of
localization may include some time-dependence during a particular stage of evolution of our universe. Hence we have
considered a warp factor which depends both on time as well as on the extra coordinate. To simplify the derivation,
we have assumed the warp factor in the product form: a function of time and a function of the extra-dimensional
coordinate y. The 4-dimensional hypersurface representing the ordinary universe is defined by a flat FRW-type metric
in the spatial dimension. Subsequently the solutions for the five-dimensional bulk have been determined for the case
of vanishing Weyl tensor and separately when the pressure in the bulk is isotropic. When the scale of this extra
dimension is properly fixed, the y-dependent part of the warp factor is simply an exponential function of the extra
dimensional coordinate, in conformity with known results.
For the effective four-dimensional metric, the extrinsic curvature is found to be governed by the time-dependent warp
factor. Following the method of Maia [41, 42], we have computed the field equations for the effective matter with one
extra term in the matter component, which effectively modifies the usual dynamics of the gravitational field compared
to that predicted from Einstein’s theory. This extra matter term depends on the geometric quantities, namely the
extrinsic curvature, the mean curvature and the metric coefficients. Thus the effective cosmological constant of the
4-dimensional hypersurface is a variable quantity, monitored by the warp factor, leading to a geometric interpretation
of a dynamical dark energy. The gravitational force law is sensitive to the background cosmological expansion, since
this expansion is intimately connected with the time-dependent extrinsic curvature of the hypersurface, which in
turn controls the effective 4D Newton’s constant. The zero-mode graviton fluctuation is no longer guaranteed to be
localized on the brane and the 4D Newton’s constant is not finite. Thus, owing to the time-dependent nature of the
warp factor, the process of localization of gravity becomes time-dependent and the 4D Newton’s constant will also
be time-dependent. This is the most significant consequence of considering a time-dependent process of localization
of gravity. It automatically generates a dynamical dark energy component in the effective four-dimensional universe,
without the necessity of incorporating anything by hand. Although the standard equation for the density parameter
is modified by the effect of the warp factor, in spite of that, the evolution closely follows the standard predictions. We
find that if the ordinary matter satisfies (or violates) the weak energy condition, then the effective matter also does
so, but in the case of the strong energy condition, the situation may not be identical. Depending on the warp factor,
the effective matter may violate the strong energy condition but the ordinary matter may still obey it. For a specific
solution corresponding to an isotropic bulk, the universe is initially decelerated, but subsequently makes a transition
to an accelerated phase at later times, being dominated by vacuum energy after sufficiently long time.
We conclude by stating that here we have illustrated a geometrical interpretation of dark energy in the universe
emerging from a simple type of time-dependent warping in a warped product bulk. For future work we are considering
the effect of a general type of time-dependent warp factor.
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